Regarding the vectors in each i W as colored in color i, the newly sought bases are colorful, namely contain one vector of each color. So Rota's Colorful Conjecture is that any n colored bases of an n-dimensional vector space can be repartitioned into n colorful bases.
A Latin square of order n is an n by n matrix L = (L j i ) in which each row and each column is a permutation of {1, . . . , n}. More precisely, there are permutations σ 1 , . . . , σ n and π 1 
The sign of the Latin square is defined as the product of all signs of its row and column permutations
A Latin square is even if its sign is positive, and odd otherwise. Let l(n) be the number of even Latin squares of order n minus the number of odd ones. It is easy to see that l(n) = 0 for all odd n. The following conjecture is due to Noga Alon and Michael Tarsi (cf. [1] ).
Latin Square Conjecture. The number of even Latin squares of order n minus the number of odd ones satisfies l(n) = 0 for all even n. This conjecture has been recently proved by Drisko [4] for all n = p+1 where p is a prime. The exact values of l(n) are known only for n ≤ 8 [7] . It is plausible that l(n) is in fact always nonnegative.
In this note we establish an identity, the Colorful Determinantal Identity, which links the two conjectures. It shows that for any n, the Latin Square Conjecture implies Rota's Colorful Conjecture. In particular, Rota's Colorful Conjecture is true for any n = p + 1 where p is a prime. To compactly express the identity, let S n be the symmetric group of permutations on {1, . . . , n} and denote by S n the collection of n-tuples ρ = (ρ 1 , . . . , ρ n ) of permutations. For ρ ∈ S n let sgn(ρ) = n i=1 sgn(ρ i ). For a matrix W let W j be its j-th column vector. The proof of the following theorem is given in Section 2.
Theorem 1 (Colorful Determinantal Identity). Let 1 W, . . . , n W be n square matrices of order n over an arbitrary field. Then
Note that for each ρ ∈ S n , the tuples Proof of Corollary 1 from Theorem 1. Suppose that l(n) = 0 and let 1 W, . . . , n W be given bases, i.e. nonsingular matrices of order n over a field satisfying the hypothesis. Then the right hand side of the Colorful Determinantal Identity is nonzero. Therefore, on the left hand side, there must exist a nonzero summand
, and so the sets
give the desired repartition into colorful bases.
Corollary 1 had been independently obtained by Huang and Rota, but their derivation is quite complex and indirect and involves an intermediate conjecture of Rota on a certain straightening coefficient in the so-called supersymmetric bracket algebra [6] . Rota's Colorful Conjecture has a natural generalization to matroids [6] which had been verified only for n = 3 [3] . Another generalization of Rota's conjecture is a conjecture of Jeff Kahn (cf. [6] ) that concerns n 2 bases, for which we have derived a determinantal identity which is reminiscent of Theorem 1. The special case of Kahn's conjecture in which the vectors are in general position is known as the Dinitz problem and was recently settled affirmatively by Galvin [5] . We refer the reader to [2] for some related algorithmic problems and a discussion of their computational complexity.
The Colorful Determinantal Identity
Proof. For a matrix W let W j be its j-th column vector as before, and let W i denote its i-th row vector and W j i its (i, j)-th entry. Given n square matrices 1 W, . . . , n W of size n, define the following polynomial in their entries:
For each ρ and σ in S n define
Now ∆ σ is nonzero only for σ = (σ 1 , . . . , σ n ) ∈ S n for which there exists an element π = (π 1 , . . . , π n ) in S n such that σ i (j) = π j (i) for all i, j, in which case
Each σ ∈ S n for which such π ∈ S n exists gives a Latin square L via L j i = σ i (j) = π j (i), whose sign is given by sgn(L) = sgn(σ)sgn(π). Denote by L the set of all Latin squares of order n. Then
which is precisely the Colorful Determinantal Identity.
